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Reduced classical trajectory equations for electronically
non-adiabatic transition on photochemical pericyclic
reactions

Kenji Morihashi and Osamu Kikuchi

Department of Chemistry, The University of Tsukuba, Sakura, Ibaraki 305, Japan

It may be difficult to use the classical trajectory equations (CTE) for the
estimation of electronically non-adiabatic transition probabilities in photo-
chemical pericyclic reactions because of many nuclear degrees of freedom.
In order to avoid this difficulty, the CTE were reformulated in terms of the
reaction path coordinates, and the reduced CTE were derived, in which the
system was restricted to move one-dimensionally along the postulated reaction
path. As an application, the non-adiabatic decay from the lowest excited state
to the ground state was investigated for the conrotatory and disrotatory
processes of the photochemical electrocyclic reaction of 1,3-cis-butadiene to
form cyclobutene.
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1. Introduction

In organic photochemical reactions, there are several types of avoided surface
crossings [1]. The electronically non-adiabatic transition in such an avoided
crossing region often plays an important role in photochemical phenomena [1-3].
In this paper, we will consider the significant non-adiabatic transition involved
in photochemical pericyclic reactions [4].

The non-adiabatic transition in photochemical pericyclic reactions may be
described properly by the classical trajectory approach [5]. The classical trajectory
equations (CTE) are written in terms of adiabatic state functions {¥,(¢)} and
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the energies {E,(t)} as:
t
a, = —Bé (¥, |a/0t| W) exp[—(i/h) j (Eg —E,) dt]ag. (1)
Since ¥,(t) depends on the time through the nuclear trajectory R(¢) which is

usually represented by the internal nuclear coordinates {g;(t)} of the N-atom
system, the coupled equations (1) become as follows:

Q== 3 3 (Wo/ogl¥)g exp[—(i/h)f (Es— E.) dla,, (2)

Recently, the systematic treatments based on Egs. (2) have been applied to some
unimolecular reaction systems by Lorquet and his coworkers [6-9]. The non-
adiabatic coupling terms, (¥ ,|8/6g;{¥4), are important to obtain the transition
probability between states, ¥, and ¥,, and have been calculated by several
authors [10-12]. Many non-adiabatic coupling terms in Eq. (2), however, make
the CTE treatment very difficult, since the evaluation of coupling term is very
laborious.

Our present intention is not to discuss the rigorous solutions of Eq. (2) but to
obtain the approximate solutions with a qualitative accuracy enough to determine
the most probable path among several postulated ones. In order to obtain such
solutions in a simple way, the flexibility of nuclear motion of the polyatomic
system needs to be restricted according to the characteristics of pericyclic reac-
tions.

The pericyclic reactions can be well described with a molecular orbital (MO)
correlation diagram [4]. During the photochemically-allowed processes in the
Woodward-Hoffmann rule [4], a crossing occurs between the highest occupied
MO(HOMO) and the lowest unoccupied MO(LUMO). Such a crossing indicates
the drastic change in the electronic configurations of the ground state and the
excited state; both states usually have the same spin and spatial symmetry
properties. Thus the two states interact non-adiabatically due to the specific
motion along the symmetry-preserved reaction path. Therefore, the non-adiabatic
coupling term for the reaction coordinate is regarded as a dominant factor of
the non-radiative decay between the states. This is a key to treat Eq. (2) in a
simple way for organic reaction systems. In spite of the complexity due to many
nuclear degrees of freedom, CTE may be reduced to the one-dimensional problem
for the reaction coordinate.

In the next section, an alternative form of CTE will be derived in terms of the
reaction path coordinates [13] instead of the internal nuclear coordinates {g;}.
The non-adiabatic coupling terms will be resolved into that due to the motion
along the reaction path and those due to the motions fluctuating from the reaction
path. In Sect. 3, the alternative CTE will be reduced to the one-dimensional
problem for the reaction coordinate by neglecting the coupling terms due to the
fluctuating motions. The significant coupling term can be evaluated by means of
a finite difference of the reaction coordinate, which can be defined as the
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mass-weighted distance of the reaction path [13-16]. The Landau-Zener model
[17-19] is employed to obtain the approximate solution of the reduced CTE. This
method will be applied in Sect. 4 to the photochemical electrocyclic reaction of
butadiene to compare the non-adiabatic transitions between the stereochemically
different paths.

2. An alternative form of CTE

Instead of the internal nuclear coordinates {g;}, the mass-weighted Cartesian
coordinates are adopted,

a; — (aix, aiy’ aiz) = (\/Erixs \/:n_iriya \/—rn—iriz), i= la 29 ety M (3)

where r; is the position vector for atom i and m; is the mass. The nuclear position
on a specific reaction path is described with a time-dependent vector in the
mass-weighted Cartesian coordinate space:

A(t)={a;}={a}, a,,..., ay}. (4)

Hereafter the following notations are used for all vectors; a three-dimensional
vector is represented with a boldfaced small letter, e.g., v; = (Vs vy, v;,) for atom
i, and a 3N-dimensional vector is represented with a boldfaced capital letter,
e.g., V=(v, 0,,...,0n5).

The reaction coordinate is defined as the mass-weighted distance along the
reaction path [13-16]:

s(1) =J' ds, (5)
and

ds(to) = th_r)lll IA(tl)_A(tO)I = th_{rtl Z la:(1,) _ai(tO)l

1/2
(5 ldasaef)  ary (6)

Therefore, the reaction path A(t) is dependent on time ¢ through the reaction
coordinate s(¢),i.e., A(s(¢)) = {a;(s)}. It should be noted that the nuclear geometry
of a reaction system is determined by only one variable, s, if the reaction path
is specified. In this case, A(#) is equivalent to the nuclear trajectory R(¢) which
consists of one-dimensional motion along the reaction path only.

In order to consider a more flexible trajectory, let R(¢) involve not only the
motion along the reaction path but also the fluctuating motions which are
orthogonal to the reaction path, i.e.,

R(1)=A(s)+D(s), @)

where D={d;},i=1,2,..., N, is the displacement vector from the reaction path
A(s), which is assumed to be orthogonal to the unit vector (dA/ds) directed to
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the reaction path:

D-(dA/ds)=Z d;- (da;/ ds)=0. (8)
If 3N —7 orthonormalized vectors U, ={uy}, i=1,2,..., N, perpendicular to
the reaction path, are introduced formally,

Uk' U1=Z uik'uil=8k,, k,l=1,2,...,3N—‘7, (9)

U, (dA/ ds) =Z uy(da;/ds)=0, forall k (10)

the nuclear trajectory R(¢) can be written by

3IN-7

R(t)= A(s)+ kZ Qu(s) Uy, (11)
=1
where the coefficients Q, are given by
Qk(s)=z. di(s) - uy. (12)
The variables, s, {Q}, k=1,2,...,3N—7, are called the reaction path coordin-
ates [13]. Consequently, the time differential operator in Eq. (1) can be replaced
by
3N-7 .
d/at=(a/ds)s+ % (3/3Qk) Q (13)

Inserting Eq. (13) into Eq. (1), the alternative form of CTE is obtained in terms
of the rection path coordinates:

du== L {8dss +2 8up Al exp [—(i/h) Jl (Es—E.) dt] a, (14)
where

gu3=(¥.[6/as|¥ ), (15)

gk = (W 15/0Qu¥s), k=1,2,...,3N-7. (16)

The coupling terms g%} and gf,,’}) express the non-adiabatic interaction between
the « and B states due to the motion along the reaction path and due to the
fluctuating motions orthogonal to the reaction path, respectively.

3. Method of reduced CTE

In photochemically-allowed processes of pericyclic reactions, the two lowest
singlet states interact non-adiabatically along a symmetry-preeserved reaction
path. This can be understood from the MO or state correlation diagram [4, 20,
21]. For example, in the butadiene-cyclobutene system which is discussed in the
later section, a crossing between HOMO and LUMO is involved in the MO
correlation diagram (Fig. 1a) for the disrotatory process. As may be seen from
the state correlation diagram (Fig. 1b), the MO crossing corresponds to the
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Fig. 1a. The MO correlation diagram for the disrotatory mode of the butadiene-cyclobutene system.
The molecular orbitals are labelled as S (for symmetric) or A (for antisymmetric) with respect to a

symmetry plane which is preserved throughout the reaction. b The state correlation diagram. The
main electronic configurations of the two symmetric singlet states are shown in ( )

exchange of the main electronic configuration, (SS?) or (§?A?), between the
ground and lowest excited states. This is a common factor in the photochemically-
allowed processes of pericyclic reactions. Thus the electronic state functions are
forced to change the components drastically by the motion along the reaction
path, while the fluctuating motions orthogonal to the reaction path may give only
the secondary effects to the non-adiabatic transition between the states. In other
words, the coupling terms gf,’jg) due to the fluctuating motions may be negligibly
small in comparison with the reaction coordinate coupling term gff,i in the avoided
crossing region.

Then we assume that the coupling term gﬁ,’g for all Q, can be neglected in Eq.
(14). If only two adiabatic states (a, B8 =1,2) are taken into account, Eq. (14)
become under the assumption as follows:

d,=+gs exp [——(i/h) J AEdt]az,
' (17)
d, = —gs exp [Jr(i/h) J. AEdt:lal,
where
g=(V,|3/0s|¥ ), AE = E,— E,>0.

Since Eqs. (17) involve only one nuclear degree of freedom for the reaction
coordinate, those have the same form as the CTE of the diatomic molecular
system. Hereafter we call Eqgs. (17) the reduced CTE.

In calculations of the non-adiabatic coupling term in Egs. (17), the two adiabatic
states are expanded in the spin-symmetry adapted configurations {,,}:

\Pl =z Aml//m, \PZ ZZ Bm '*»[/m'
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The non-adiabatic coupling term along the reaction path can be written as a sum
of the CI term and the MO term:

g =(¥,}3/as|¥ ) = ger+ gmo, (18)
and
gCIzz Bm(aAm/as)a (19)
gmo= LT BuAu(thn|3/ds|¥,). (20)
(m#n)

These terms can be evaluated approximately by the method of a finite difference
for reaction coordinate. The computational details are given in the previous
works [7, 22].

According to Egs. (17), the transition probability P,.;=|a,|* from the ¥, state
to the ¥, state depends on three factors: the non-adiabatic coupling term g, the
velocity § directing to the reaction path and the energy gap AE between ¥, and
W,. Although the solutions of Egs. (17) are obtained exactly from the numerical
analysis, the approximate solutions based on the Landau-Zener model [17-19]
are enough for our present purpose. The method employed here is essentially
the same as that demonstrated by Desouter-Lecomte et al. [8, 9].

It is convenient to introduce the diabatic functions 5, and 7,, which obey the
condition:

(mla/as|m,)=0. (21)

The diabatic functions {n} can be obtained by the unitary transformation of the
adiabatic state functions {¥}:

(7)1) _ (c‘os 6 —sin 6)(‘1’1>. (21)
M, sinf cos 8/\V¥,
From the condition (21), the mixing angle 6 is written by

B(S)'=J g(s')y ds'. (22)

Since the diabatic states {n} and the adiabatic states {¥} must coincide at the
initial and final stages of the reaction, the integration of g over the whole coupling
region should give the value of #/2, while 8(s.) = /4 for the point s. where
two diabatic states intersect. If the variation of g has the Lorenzian shape, the
diabatic crossing point s, corresponds to the point where the g value becomes
maximum. Once s, is determined thus, then the Massey parameter ¢ is caluclated
by [6-9]

§=AE(s.)/hs.g(sc)- (23)

The velocity s, is obtained from the kinetic energy T, along the reaction path.
If we give an appropriate value for T, from the calculated potential energy curves,
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the velocity s, at the crossing point can be estimated by s, = (27,)"/>. By employing
the Landau-Zener model [8], the transition probability is calculated by

P=exp[—(7/4)¢]. (24)

In the pericyclic reactions, the energy gap AE becomes so large in comparison
with the kinetic energy T, that the quantum effect of the nuclear motion cannot
be neglected in the quantitative prediction for the non-adiabatic transition proba-
bility. As pointed out in the previous works [5, 19], such quantum effects are not
involved in the classical trajectory scheme. In order to keep the accuracy of CTE
for such systems, a large kinetic energy T, must be given although the value is
often unrealistic. The value of T, employed here is given so as to satisfy the
following rough criterion for the classical behavior of nuclear motion:

AE(s.)/ Ty(s.)< 1. (26)

4. Application of the reduced CTE

The method presented in Sect. 3 has been applied to the photochemical
electrocyclic reaction of 1,3-cis-butadiene [23-25]. In the isomerization process
between substituted 1,3-cis-butadiene and cyclobutene derivatives, there exist
two stereochemically different modes of methylene rotations, the conrotatory and
disrotatory modes. Of these two modes, only the disrotatory process has been

experimentally observed in the photochemical reaction; this is a typical example
which can be understood on the basis of the Woodward-Hoffmann rule [4]. The
orbital symmetry arguments, however, cannot explicitly answer the question how
the excited butadiene decays to the ground state of cyclobutene. In order to
describe the dynamics more clearly, the non-adiabatic transition from the lowest
excited singlet state to the ground state should be investigated for each reaction
mode.

The geometries of cis-butadiene and cyclobutene were optimized by ab initio
SCF calculations with STO-3G basis set [26]. They are shown in Fig. 2. The linear
reaction paths [23] were assumed for the conrotatory and disrotatory modes. The
geometries on the reaction pathway from the reactant (butadiene) to the photo-
product (cyclobutene) were determined by the linear-path relations of the internal
nuclear coordinates {g;}:

g(r)=(q] —q;)7+qf,j=1,2,...,3N —6, (27)
and

Tzs(t)/stolah 0=r= l>
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e Hy 6 {
cis-butadiene cyclobutene
r(C,-C,) 1.314 1.526
r(C,-Cs) 1.494 1.314
rC,—H,) 1.080 1.089
r(C,-H,) 1.080 1.089
r(C,—H,) 1.085 1.082
a(C,C,C,) 126.2 94.7
a(H,C,Cy) 114.5 1342
a(H,C,C,) 122.7 125.5
a(H,C,Cy) 121.6 125.5
a(H,,C,C,) 180.0 138.4

Fig. 2. Molecular structures of cis-butadiene and cyclobutene optimized by the STO-3G SCF calcula-
tions. Bond lengths, r( ), in A, and bond angles, a( ), are in degrees. The optimized structure of
cyclobutene is from Ref. [27]

where 5., is the total mass-weighted distance from the reactant to the photoprod-
uct, and g and q; are the j’th internal coordinate of reactant and of photoprod-
uct, respectively. The geometry at each point on the linear reaction path was
determined according to Eq. (27) so that the system preserved a twofold symmetry
axis in the conrotatory mode and a symmetry plane in the disrotatory mode.

The internal coordinates were transformed into the mass-weighted Cartesian
coordinates so that the center of mass is always fixed at the origin and the external
translation and the external rotations are excluded from the mass-weighted
Cartesian coordinate system. The reaction coordinate was obtained by the numeri-
cal integration of Eq. (5) along the reaction path. The total distance from butadiene
to cyclobutene is the same for the conrotatory and disrotatory paths; sy, =9.84
in unit of (amu)'/?*(bohr).

Ab initio SCF CI calculations were performed to obtain the potential energy
curves according to the manner of Grimbert et al. [25]. The employed AO basis
set is the STO-3G plus the diffuse Gaussian p orbitals with an exponent of 0.04
(three degenerate x, y, and z components were included on each carbon atom).
The molecular orbitals were obtained by means of the closed-shell SCF method.
For the CI calculation, twelve MO were selected from the 7-MO of butadiene
or cyclobutene and from the o-MO contributing to the 7-electronic system. From
singly- and doubly-excited configurations, 183 configurations were employed for
the symmetric singlet states, and 172 configurations for the antisymmetric singlet
states. The potential curves obtained thus are shown in Fig. 3, where the lowest
symmetric singlet S, and S, states and the lowest antisymmetric singlet S; state
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Fig. 3. Potential energy curves for the disrotatory and conrotatory modes in the butadiene-cyclobutene
system. The C, symmetry is preserved in the disrotatory process and the C, symmetry is preserved
in the conrotatory process. Full line: the lowest symmetric singlet S, and S, states. Dashed line: the
lowest antisymmetric singlet S, state. Unit of reaction coordinate is (amu)!/?*(bohr)

are drawn for each reaction mode. In the disrotatory mode, the energy level of
'A” state of the present calculations is slightly higher than that of the previous
work [25] because the open-shell SCF MO were not employed in our CI calcula-
tions.

Our hypothetical mechanism of the photochemical cyclization of butadiene is
explained from the potential energy curves shown in Fig. 3. The reaction is
assumed to start from the lowest excited singlet S, state of butadiene; the internal
conversion from the S state to the ground state is not discussed in this study.
At the early stage of the disrotatory cyclization process, butadiene changes its
electronic state from the ' A”(1) state to the ' A’(2) one through the symmetrically-
allowed C, crossing. At the middle stage of the cyclization, the system decays
from the ' A’(2) state to the ' A'(1) state from which the ground state of cyclobutene
is formed. This mechanism has been first proposed by van der Lugt and
Oosterhoff [23], and has been discussed in detail by Grimbert et al. [25]. For the
conrotatory cyclization, the mechanism similar to that of the disrotatory one is
considered; the reaction starts from the S, excited state of butadiene, and the
ground state of cyclobutene is formed via the non-adiabatic transition from the
'A(2) state to the 'A(1) one.

The potential energy curves in Fig. 3 indicate that the butadiene in its excited
S| state may reach either the C, or C; crossing point with nearly equal probability,
since, in the early stage of cyclization, there are no potential energy barriers to
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the disrotatory and conrotatory rotations of the S; state of butadiene. In the
present hypothetical mechanism, the non-adiabatic transition, 'A’(2) > 'A’(1) for
the disrotatory mode and 'A(2)~"A(1) for the conrotatory mode, may play a
significant role to determine the stereochemical reaction mode. It is thus necessary
to evaluate the non-adiabatic coupling terms between the S, and S states in each
reaction mode and to compare the transition probabilities between the conrotatory
and disrotatory modes.

The non-adiabatic coupling terms (18) between the two symmetric states were
evaluated along each reaction path by using the CI wavefunction obtained above.
The numerical accuracy of the coupling term (18) was estimated by the following
test [7]:

(W,8/851% )= —(F,|6/3s¥). (28)

The satisfactory results with an accuracy of four significant figures were obtained
when the finite difference 8s = 0.002 was used; this corresponds to a simultaneous
variation of the internal coordinates (e.g., 0.018 degree of the methylene rotation,
3.8x107° A variation of the C,—C, bond length, and so on). The calculated g
terms are shown in Fig. 4. In the conrotatory mode, the MO term is larger than
the CI term (Fig. 4a) and the g shape is broad over the reaction path, where the
maximum height is 0.28 at s = 5.5. In the disrotatory mode, the CI term is dominant

g a g b
] ]
0.4 4 0.4 4
0.2 - 0.2 4
0.0 J&& — 0.0
0 2 4 6 8 S 0 2 4 6 8 S
7N\ CON E] 7N\ DIS E

Fig. 4. Calculated non-adiabatic coupling term between LA(2) and 'A(1) states for the conrotatory
mode (a), and that between ' A’(2) and ' A'(1) states for the disrotatory mode (b). Dashed and dotted
line: CI term gep; dotted line: MO term gy full line: the sum g= g+ 8mo- Unit of g is
(amu)~"2(bohr)~!. In Fig. 4b only the sum is shown, since the MO term is negligibly small
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Table 1. Transition probabilities and their related quantities for the disrotatory and
conrotatory modes of the butadiene-cyclobutene system

T, (eV) AE (eV) Zemax” 4 Ppy®
disrotatory 5.00 2.56 0.565 1.7 1.0x107*
conrotatory 5.00 496 0.279 46.0 =107'¢

® gax indicates the maximum value of the coupling term in the unit of
(amu)~2(bohr) "L

® The Landau-Zener model was employed in the calculation of transition probability
(24)

while the MO term is negligibly small. The g variation is very sharp near the
avoided crossing region (Fig. 4b), where the maximum height is 0.56 at s =5.9.
Thus the calculated g term shows clearly the difference between the non-adiabatic
interaction of the two reaction processes.

The transition probabilities were evaluated and compared between the conrotatory
and disrotatory modes. The maximum value of the coupling term g(s.) and the
energy gap AE(s.), in the Massey parameter (23), were already obtained in above
calculations. The kinetic energy T, at the s, crossing point was assumed to be
5.0 (eV) for both reaction modes. From the Massey parameter thus obtained, the
transition probability for each reaction mode was calculated by Eq. (24). The
results are summarized in Table 1. It was found that the transition probability
in the disrotatory mode is 10'? times larger than that in the conrotatory mode.
This remarkable difference between the two transition probabilities is considered
to be a main reason for the stereospecificity expected in the photochemical
electrocyclization of butadiene to cyclobutene.

This interpretation of the stereospecificity in the butadiene-cyclobutene system
may be slightly different from the usual arguments with the state correlation
diagram [20]. In the qualitative prediction with the state correlation diagram, the
conrotatory mode is considered to be disadvantageous for the photochemical
cyclization of the butadiene to cyclobutene because of the existence of the energy
barrier on the lowest excited ' B(1) state. Although this barrier is observed in the
'B(1) state of the present potential energy curves (Fig. 3), the barrier exists near
the cyclobutene side. Hence, the barrier appeared in the 'B(1) state is not an
important factor to determine the stereochemical course of the photochemical
cyclization reaction of butadiene to cyclobutene.

The decay processes from the excited state of butadiene cannot be well-understood
without the multi-dimensional potential energy surfaces of the ground and excited
states. Fig. 3 is the one-dimensional cross section of the multi-dimensional surfaces
and the energy minima appeared in the 'A(2) and 'A'(2) curves may not be the
absolute minima on the multi-dimensional surfaces. If the non-adiabatic transition
from these minima to the ground state energy surface is inefficient, the system
at the 'A(2) or 'A’(2) minimum region may undergo the structural change which
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is not related to the cyclobutene formation. This is expected to occur in the
conrotatory process, since the 'A(2) > 'A(1) non-adiabatic transition was calcu-
lated to be inefficient. From this point of view, the evaluation of the non-adiabatic
coupling between electronic states is important to compare the efficiencies of the
postulated processes in photochemical reactions.

In the case of the photochemical ring opening reaction of cyclobutene to
butadiene, however, the energy barrier of the antisymmetric state plays a sig-
nificant role for the stereospecificity. As may be seen from Fig. 3, there is a high
energy barrier on the 'B(1) state for the conrotatory ring opening process of
cyclobutene, while such a high energy barrier is not found on the 'A"(1) state
for the disrotatory mode. This consideration is parallel to the qualitative prediction
from the state correlation diagram.

5. Conclusion

In the CTE written in terms of the reaction path coordinates, there appear two
different types of the non-adiabatic coupling. i.e., the reaction coordinate coupling
and the fluctuating coupling. Under the assumption that the nuclear motion along
the symmetry-preserved path is most important to induce the non-adiabatic
transition from the lowest excited singlet state to the ground state in the photo-
chemical pericyclic reaction system, the reduced CTE have been derived, which
involve only the reaction coordinate coupling. Based on this reduced CTE, the
transition probability can be obtained simply from the calculated coupling term,
energy gap, and velocity. The application to the butadiene-cyclobutene system
has shown the usefulness of the reduced CTE. It is expected that, for many
photochemical pericyclic reactions, the reduced classical trajectory method is
useful to estimate the probability of non-adiabatic transitions involved in some
hypothetical reaction paths.
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